Abstract. In this paper we construct planar polynomials of the type f A,B (x) = x(x
Introduction
Let q be a power of a prime, n ≥ 1, F q n be the finite field with q n elements and F * q n = F q n \ {0}. A function f : F q n → F q n is called planar if for each a ∈ F * q n , the difference function D f,a :
is a permutation on F q n . Functions satisfying the previous condition exist only for q odd, since for q even D f,a (x) = D f,a (x+a) holds. In the even characteristic case, functions f such that D f,a is a 2-to-1 map are called almost perfect nonlinear (APN) and they are connected with the construction of S-boxes in block ciphers [21, 22] . In the odd characteristic case, planar functions, also called perfect nonlinear functions (or 1-differentiable), are never bijections, since the corresponding derivative D f,a is bijective and there exists a unique x ∈ F q n such that f (x + a) − f (x) = 0. Planar functions in odd characteristic achieve the best possible differential properties, which makes them useful in the construction of cryptographic protocols, in particular for the design of S-boxes in block chypers; see [21, 22] . Such functions have close connections with projective planes and have been investigated since the seminal paper [10] where the authors showed that, considering two groups G and H of order n, every planar function from G into H gives rise to an affine plane S(G, H, f ) of order n. Finally, these functions are strictly related to the construction of relative difference set [14] , optimal constant-composition codes [12] , secret sharing schemes arising from certain linear codes [6] , signal sets with good correlation properties [11] , finite semifields [7] . More recently, Zhou [26] defined a natural analogue of planar functions for even characteristic: If q is even, a function f : F q → F q is planar if, for each nonzero a ∈ F q , the function x → f (x + a) + f (x) + ax is a permutation on F q . As shown by Zhou [26] and Schmidt and Zhou [25] , such planar functions have similar properties and applications as their odd characteristic counterparts.
In the past years, many papers have been devoted to existence and non-existence results for planar mappings, using a variety of methods; see [4, 8, 9, 15, 17, 18, 23] .
In this paper we investigate the planarity of xL(x), where L is a linearized polynomial. In this direction, the following results provides a necessary condition.
Polynomial of the type xL(x) belong to the family of so called Dembowski-Ostrom polynomials, that is polynomials of the type
see [10] . It has been conjectured for many years that all planar polynomials belong to such family.
Counterexamples have been provided in [8] , where the authors prove that the monomial X (3 α +1)/2 is planar over (
Apart from those listed in Theorem 1.2, a number of other constructions are known in the literature. The following theorems colletect some of them.
In this paper we investigate the planarity of xL 3 (x) on F q 3 , a particular example of DembowskiOstrom polynomials. We make use of the study of curves associated with polynomials xL 3 (x). The main result of this paper is the following.
Theorem. Let q be a power of an odd prime and consider the function f A,B (x) ∈ F q 3 [x] of the type
where A, B ∈ F q . Then, f A,B is planar if and only if one of the following condition holds
2. Construction of planar polynomials of type
In this section we provide the complete classification of planar polynomial of the type f A,
, where A, B ∈ F q . Note that f A,B (x) is planar if and only if for each C ∈ F * q 3 the linearized polynomial
is a permutation polynomial. This happens if and only if the following matrix M A,B,C
has rank 3 for each choice of C ∈ F * q 3 . In the following we consider a polynomial
Let G A,B (X, Y, T ) be the homogenization of F A,B (X, Y ). Then it is readily seen that
Our main approach involves specific algebraic curves of degree three, whose reducibility is investigated in the following propositions. 
We distinguish two cases. (
(2) A 3 − 2AB + 1 = 0, A 3 + 1 = 0 and
(3) A = B 2 and
(4) −3 ∈ q , A 2 + 2AB − A + 4B 2 + 2B + 1 = 0 and
where α 2 = −3. Proof. If B = 0, then there is nothing to prove. Suppose now A = 0 and then
If .
Finally, we need this easy results on linearized polynomials.
Proposition 2.4.
A linearized polynomial αX q 2 + βX q + γX, with α, β, γ ∈ F q has nonzero roots in F q 3 if and only if α 3 + β 3 + γ 3 − 3αβγ = 0.
Proof. The polynomial αX q 2 + βX q + γX has a nonzero root if and only if the rank of the matrix
We are now in a position to prove our main results concerning planar polynomials of type f A,B (x) on F q 3 ; see (2). Proof. Recall that f A,B (x) is planar if and only if det(M A,B,C ) has no roots C ∈ F * q 3 . We consider first the cases AB = 0.
(1) If A 3 −2AB+1 = 0 and
By Proposition 2.4, all factors have no roots C ∈ F * q 3 if and only if (
By Proposition 2.4, all factors has no roots C ∈ F * 
, with α 2 + 3 = 0 and −3 ∈ q . It can be easily verified, using Proposition 2.4, that such a factor has a nonzero root in F q 3 and therefore f A,B (x) is not planar.
We deal now with the case AB = 0. Remark 2.6. By Theorem 2.5 the number of pairs (A, B) ∈ F q such that f A,B (x) is a planar polynomial in F q 3 is 3q − 2 − 4GCD(3, q − 1).
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